NZEST Mathematics with Calculus

1999 Solutions
; The marks are for showing an understanding of
a)(
1@ Cosl:.._g}_ . tm£= 3 the process by drawing the triangle
3 2 3
1 for tiangle divided with lengths shown
1 for angles shown
SUBTOTAL 2
1(a)(ii) . o
1 mark for the correct triangle with sides &
angles shown
. V2
4
4 (
1 SUBTOTAL {
1(b)(1)
3 . 1 mark cach for first and last line.
z° =1=cisO
4
(Accept —)
3
2> =cis2knm
1 1 1 1 mark for a middle line demonstrating
P T .2 7 . 2w understanding in some way. Two examples
z=13cis—, 13 cis=, 13cis iven
3 3 3 d
0 . 2n | -2m
z=cis—, cis <=, ¢is SUBTOTAL 3
3 3
1{b)(ii)
. 27
cis—
3
cisQ
cis —iﬂ SUBTOTAL 1




1(b)(1ii)

(z2+1)3 =1

2% +1=cis0, or zz+1=ci.923£,orz?‘+1=cis 1 mark
if z2+1=cis0, z2+1=1s02=0 1 mark
. 3
if zz+l=cis2—”, zz+l=——1—+£i
3 2
2 ___2+£i
2 2 1 mark
=4/3 _ﬁ'*'ll
2 2
= 30' S_ﬂ‘.
6 1 mark
2 5 = 7
e=34cis| 22 |, 34cigf — 2
12 12 1 mark
Since commplex roots of a polynomial over the real numbers come in
conjugate pairs, the roots corresponding to the case 22 +1=cis—
must be
1 1
hd _ — 1 mark
z=34%ci o7 , 34ci iz
12 12
. SUBTOTAL 6
1(c)(i 1 mark
OO = VBasE |
4 SUBTOTAL !
1(c)(ii) 4 j
Q+irn =[~/§ cis%z 1 mark
— (_1)" 4" which is real 1 mark f
|
i
SUBTOTAL 2 i_
1(d)(i) 4 4 4
1+ =1+ 1" j + 2" 2+ 3":3+ ........ +i% 1 mark
4n) (4n 4n). an NB. Don't worry about general term |
=1+ . - 5 - g fHo i 1 mark
SUBTOTAL 2
D) | As @+)* is real
on - 4n + o =0 1 mark
1 3 5 |
n( 4p
So 2[21._1)(—1)] =0 1 mark

SUBTOTAL 2



2(a)(®)

l S

T I 1
(=¢.0) (0,0) (c,0)
When the comet meets the line connecting the two planets, the

distance from the furthest point is ¢ +k and the distance from the
closestis ¢ +k,

So
(c+k)+(c—-k)y=d
d =2k

Since x<c¢ d<2c¢

1 mark

lmark

SUBTOTAL 2

2(a)(ii)

(x,y)
lmark for a diagram
1
r— 1
(=c,0) (¢,0)
Ilmark
\/(x+c)2+y2 -\/(x—c)2+y2 =d SUBTOTAL 2
2a)(iin) \/(Jc+(:)2+y2 =d+-\/(x—c)2+y2 1 mark
(x+0)? +y2 =d? +(x-0)2 +y% +2dy(x-)% 4y L mark
4xc—d2=2d\[(x—c)2+y2 ‘ 1 mark
16x2c? -8d%xc+d* =4d?[x* - 2xc+c? +y?] 1 mark
16x%c% =8d%xc+d* =4d2[x2 —2xc+c? +y2]
(16c2 —4d%)x% —4d%y? =4d%c? -d* ! mark
(16¢2 -4d?)x? - 4d%y* =d*(4c? -d*%)
4_x2 4y2 1 mark
T Tz 3!
4 4et-d SUBTOTAL 6
2(a)(iv) | One branch of a hyperbola 1 mark
SUBTOTAL 1
2(b)(1) 4 1 1 mark
at 2 SUBTOTAL 1
So d=10
20 a1
4c? -100 200
c? =225
¢c=1%l15
Coords of planets are (—-15,0), (15,0) 1 mark

SUBTOTAL 1




2(c)(i - - 1 <
@@ | ex-3 Loyl mark
2 3
2 2
x-3 + y-1 -1 1 mark
2 3
SUBTOTAL 2
o
(©)) d_y =3cos @
do
EX—:—Zsin@ 1 mark
df
. dy 3cos@ 3
So gradient of tangent: — = =—=
& B % “2emd 2 1 mark
SUBTOTAL 2
2 Th h 3 2 1 3 (4.41,3.12)
e tangent touches at | 3+—=,1+—=| or (4.41,3. 1 K
The equation of the normal is
Ji 3 | JE 1 mark
When the normal cuts the x-axis y =0
3 2 2
1- ==|x-3-——
vz 3( JE]
3 2 4
~1 =—x—-2-
V2 3 32
x_ 5
3 32
_3_5
2 22
. 3 5
Required coords are | ~~——=,0 | or- (-0.27,0)
2 22 1 mark

SUBTOTAL =3




3(a)®)

(e* —=De* - (e* +1)e*

fi(x)=
(e* =12
—2e*
= 1 mark
(e* ~1)
. . 1 mark
As e* %0 has no turning points
5 ¢ J(x) has no turning p SUBTOTAL 2
3@ | Vertical asymptote at e* —1=0 | mark
. mar
This occurs when x =0 SUBTOTAL 1
3(a)(ii) | As x —> o0, f(x)—1 and as X — —oo, f(x) > -1 | mark
SUBTOTAL 1
3(a)(iv) , —2e%
F=—"
(e* -1
As x— —a, ¢* 50,50 f'(x) =0 1 mark
—_— x —
As x =0, fi(x)— 262 =22 50 1 mark
(e®) e*
SUBTOTAL 2
So Hem is correct 1 mark
SUBTOTAL 1
3(b 2
®) g(x) = Zsin x?
x
g'(x)=——2—2—sinx2+4cosx2 2 marks
x
As x — oo g’(x) will oscillate between -4 and 4 1 mark for "oscillate” or equivalent
1 mark for bounds
SUBTOTAL 4
Marsha is correct 1 mark
SUBTOTAL 1
3@ , o (2x? +3)2x—(x% +1)dx
h'(x)= 5 3
2x°+3)
_ 2x
2x2 +2)? 2 marks
For x>0, 2x>0
Also 2(x2 +3)%2 >0 1 mark
’ P : 1 mark
Thus / 0 andh h .
us A'(x) >0 and hence 4 is increasing SUBTOTAL 4
3(e)(i1) 1
24 1 mark
hix) = 3 = x3 ~3— as x—oo
22743 g4 = SUBTOTAL 1

x2




3(c)(iwi)

Ifx>k:>h(x)>c——£—
100

Then if we choose k such that

1
h(k) > ¢ ~——
(k) 00

then this will automatically follow as 4 is increasing for x>0

k2+1 11

2k*+3 2 100
100k2 +100 > 98k 2 +147
2%k? > 47

k>~23.5

1 mark

1 mark

1 mark

SUBTOTAL 3




4(a) AV _
TXIOO% =1% 1 mark
AV =001V SUBTOTAL 1
40 _P dD
D dpP
AD
= 2 — 1 mark
D AP
= gi 1 mark
D AP
AD AP
= percentage change in demand SUBTOTAL 3
4(b)(1i) E is usually negative because an increase in price will usually result | 1 mark
in a decreasing demand SUBTOTAL 1
4(b)(11i)1 _P daD
D dP
P
=—.-4 1 mark
D
_D-200 _ 4
4D
_200-D
- D 1 mark
or
_P_
P-50 SUBTOTAL 2
4(b)(iii)2 E=-1
if —1=—2 1 mark
p=30 SUBTOTAL 1
p=25 |
4(b)(ii1)3 0 < P <50 ensures E is negative and E is not defined for 1 mark
- SUBTOTAL 1
P =50
4(b)(iv)1 R=PD
1 mark
4R _p,piD
dpP dP
-p+plE
P
=D(E+1) 1 mark
SUBTOTAL 2
4(b)(iv)2 | For maximum revenue
4R _
dpP
D(E+1)=0
D=0Qor E=-1 1 mark
There is no revenue for D=0 1 mark
Hence |E =1 SUBTOTAL 2
4b)iv)3 | 4R apP
—=P+D—
dD dD 1 mark
-p+p L L
D E
£ (E+D)
E 1 mark

SUBTOTAL 2




4(b)()1

As P>0 we must have a-bD? >0 1 mark
ie D<\/E 1 mark
b SUBTOTAL 2
A2 | R _poe
dP
g-r dD
D dp
P=a-bD?
1=-p20%2
dP
a__ 1
dP 2bD
P
E——Zsz 1 mark
dR P
—=D1-
dP 2bp*
2
-p 122
26D
_ D% -a
. 2bD2 1 mark
3D% -a>0
D> il
3b
S a D a 1 mark
V% <7 Vp SUBTOTAL 3




n

Note: Do not penalise if the +c term is missing anywhere

5(a)(i)1
1 mark for unit circle
) (needed for angles >90)
: (cos x,sin x)
1 mark for explanation involving
Pythagoras
e —»
sin? x+cos? x=1 by Pythagoras
SUBTOTAL 2
S(a)(1)2 sin? x+cos? x=1
1 mark
sin? x 1= 1
cos? x cos? x SUBTOTAL 1
tan? x+1=sec’ x
1
SWOL | [ an” s
=J tan™"? xtan? xdx
=j tan"% x(sec?-1)dx 1 mark
=J‘ tan""? xsec? xd.x—J tan""? xdx
1 mark
=—1—t&n""1 x— I"_z
n-1
SUBTOTAL?2
5(a)(1)2
(&) Ig =J- tan® xdx
_ tan’ x - I 1 mark for starting correctly
tan’ x |tan> x
= T =,
7 5
7 5 1 mark for correct intermediate steps
tan’ x tan” x
= - +14
7 5
_tn’x tn’x wniz
7 5 3 2
_ tan7x_ tansx tan3x__ mnlx_l
7 5 3 1 0
7 5 3
Jlanx iy GnTx el
7 5 3
tan’ x tan’ x tan’x
= - + —tanx+x+¢ 1 mark for Iy
7 5 3
L SUBTOTAL 3




5(b)(®)

I:I cos” xdx

os? <]
=J cos“ x; cosxdx

2
=I (l—sirl2 x) cos xdx 1 mark
Let t=sinx
dt =cos xdx
I=J- (1-%)2dr 1 mark
=f (1—2t2 +r4)dt
=t—£t3 +—1-t5
3 5
. 2 -3 1 .5 1 k
=sin x——sin~ x+—sin” x+c¢ mar
3 5 SUBTOTAL 3
SOGNL | f(x) = cos’ x=> f(0) =1
f(x)==5cos* xsinx= F(0)=0 1 mark
T 5 32 oy = 1 mark
fi(xy=-5cos” x+20cos” xsin“ x= f7(0)=-5 SUBTOTAL 2
S(b)(i1)2 a= f(0)=1
b=f' (=0
/ (,) 1 mark
2c= f (O) == -2.5 SUBTOTAL 1
5(b)(in3
) j cossxd.x:.[ (1-2.5x2)dx
1 mark
253, SUBTOTAL 1
5(c)(i) cos® 0.7 = 0.262 { mark for both correct
1-2.5%0.8% =—0.6 SUBTOTAL 1
51 9 06
choss xdx =| sin x+ls'm5 x—Zsin’ x =0.456 1 mark
0 5 3 0
SUBTOTAL 1
| 5(c)(i1)2 a5 .70 1 mark
[x—?xﬂ =0.42 SUBTOTAL 1
0
5(c)(ii)3 Using Simpson’s Rule
0.1 1 mark
T[H4x0.975+2x0.904+4x0.796+ 2x0.663+4x0.521+
2x0.383+4x0.262 +0.164]
=0.456 1 mark

SUBTOTAL 2




6(a)( 1
(a)(®) da (eﬁtw>= o B B AW mark
dt ar
=BW€BI +3Bt@— lmark
dt SUBTOTAL 2
6(a)(i1) dw
—=a-pw
dt
e a aeP BweB’
dt
aelt =P 27 4 ByeP 1 mark
d ¢ t
?,(Weﬁ )" ac? 1 mark
wed =P, 1 mark
=0 P
w=—+ce 1 mark
SUBTOTAL 4
6()(@) Setting m = w3
.él = 3w2 .d_M_}_ 1 mark
dt ds
T2 _‘fﬁ = Aw? - Bw3 2 marks (1 for each side)
dt
daw A B 1 mark
3 3 SUBTOTAL 4
6(b)(i1) _B,
w=Lice 3 on substituting a=2 B=£ 1 mark
B 3 3
_ 8y
m=| —+ce 3 1 mark
B
SUBTOTAL 2
6(b)(iii
(o)) Also, when =0, m=0 so c=——;— 1 mark
Thus
A _B"
m= ———e 3
= 1 mark
3
Ast— o0 inm— i so M= —A—
B B 1 mark
SO
B
—
m=M|l-e 3
SUBTOTAL 3
6(b)(iv)l | It goes through the origin because it starts with mass 0 at time O SUBTOTAL 1
6(b)(iv)2 _8,
As tincreases e 3 decreases 1 mark
B Imark
—f
Hence 1-e 3 increases SUBTOTAL 2
6(bYav)3 | m=M 2 marks
L SUBTOTAL 2




