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Assessment Schedule — 2009
Scholarship Mathematics with Calculus (93202)
Evidence Statement

One minor error may be ignored on each part of each of the five questions (MEI)
On each question a total of 9 marks are available, with 9 dropping to 8 on any question (allowing a candidate one
incomplete part for a top mark)

Question Evidence Code
ONE dy 1 for an
gy _ — Lh(<i y form of 2nd
(a) I kacos(kx) — kb(sinkx) Jerivative
d’y . ) (and 1st deriv.
o —k"asin(kx) — k"bcos(kx) correct, if given)
= —-k?(asin(kx) + bcos(kx))
=-k?y 2 for required form
[Alternative method: integratgtwice, setting integration constants to zero] I(\\/IIVIIEtIh y) 3 if without
® 1 sy =@+ cost)? + (-sint)?
=1+ 2cog +codt +sint
=+/2+2cog 1 for asimplified
form of s(t
=(2+ Zcost)}é =«/§x/1+cost Y
ds
a(t) =—
(t) "
_ —-2sint
2(2+ Zcost)/]é +1 for any form of
a(t)
__ —sint _ —sint
\/2+ 2cos _\/5\/1+COSI
+1 for anya(t)
Will be undefined when cds= —1 discontinuity
(condition for
Whent = (2k +1)77 (with k an integer), the functioa(t) is undefined, and so not cost sufficient)
continuous at odd multiples af

(©) (1+cis26)(1+cis46) =1+ cis20+cis46+cis &0
=1+cosP+isin28+cosP+isin4d+cos@+isin6d

1 for separating into
= (1+ cos P+ cos B+ cos@) +i(sin 29 + sin 49 + sin 69) real and imaginary
u=1+cos¥+cosdH+cos@ (any forms)

v =sin 26+ sin 46+ sin 64

u_1+cos¥+cosd+cos@
v sin29+sin49+sin&d
_1+2cosPcosf+2cos 39-1
~ 2sin¥cosf+ 2sin Pcos P
_ cosP(cosf+cosP)

" sin Y(cosd+cosF)

_cosy

2 for double angle
for 36

3 (or otherwise)

sin¥ arrive at answer
=coty
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TWO | 4coshc® - 3costx =1 (e +€7%)3 - 2(e" +&7¥)
(a) 2 2
-1 (e3X + 382xe—x + 3exe—2x + e—3x)_ §ex _ §e—x
2 2 2
= 163X +3e+ e+ e -2 -Je 1 expanding cubic
o 4 term
— 13X 173X
=28 e = 2
= cosh(X) 2 ar_rive at answer
3 without MEI
(b) J‘anxzp dX:Iap]'[yZ/pd) dy
0 _ 0 - +1 both integrals
{ nxzf’*l} { ry?Pt } with limits
2p+1] 2/p+1 )
a2p+1 a2+p
2p+1 2/p+1
2 2p+1 +1 evaluate both
a®  2/p+1
4 _ P(2p+1)
2+ p oo +1 any form fora
_|P2p+1) _(pep+1)"” (inc. log form)
2+p 2+p
(©) The exact form is
j(axz +bx+c)dx = [lax3+ibx2 +ch
3 2 r
:%a(ts—r3)+lb(t2—r2)+c(t—r) +1 any form of
integral
=tat’ +1bt? +ct-Zar®-lbr?-cr 9
The approximation is
[yo +4y1+ y2 %[ar + br +C+4( (t+r) +bt+r +c)+aI + bt +c} +1 any form of
- approximation
?[ar +br+c+a(t+r)?+2b(t+r)+4c+at +bt+c}
:%[Zat +2ar? + 2atr + 3ot + 3br +6c}
= Lot ~Lar’r +1ar - lar® wlattr el
+%bt ——%’{V—;ﬁ—%br +ct—or
3 demonstrate
1.3 1p2 1.3 _1pe2_ .
=3at +Ebt tct-car 2br cr equality
so they are equal, as required.
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THREE 1 1.1 — _1-bi 141 1 rearrange either
@ =St w5 =7 ORT*E :
a+ hi a bi Component
a-bi _1 1.
a2+ a b
Equating real and imaginary terms: 2 rearrange for any
a 1 compar able forms
a’+b’> a
-b -1
a’+b*> b
So
2 _ a2 1 12 > _ .
a“=a“+b°,sob°=0 3 (or otherwise)
—b?=-a?-b? s0a’=0 demonstrate no valid
So a+hi=0+0i =0, so there is no non-zero solution. solution
b(i) The roots aré{k, keis?? keis?f,—% 5 cis? ,%cis%”} flfor)exact roots (any
orm
{k,—%ki%ki,—%k,%ki—%ki} MEI if 1 missing
p(x) = (x = K)(x+£)a(x)
2 linear terms only I
- A(X3 _ k3)[x3 + ij =
(2 3 (or otherwisep(x)
= A(x= K)(x+ 5 +loc+ KA(xP— £ x+ £ any form
b(ii) 1 derivative

p'(x) = 3AC(E +£) + 3A¢ (3¢ - k°)

(any form) but:

=3A¢ (27 - 1Kk%) = 6 A (x° - £ k)
= 6AX° - 2 A%
8
P'(x) = AXC(6x = 3K°)
x=0 or 6X =2k

3 — 713
X' =Lk

! Lk 3Lkeis2Z 3L kcisiZ 7 -
The roots of p’(x) are{),o,\/;k, 16kC|s 3 16kC|s 3 (and note tha 6

Consistency mark
NOT available ifp(x)
is too simple

2 for exact roots

ANZ/\N\NVA

(any form)

3 for radial positions
of roots
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FOUR dy 3 }/
(a) w25

A
L= j JL+ 2xdx
0

A +1 correct integral
for line length: limits
not required

[
-1 24 9 2
{55(1+2Xﬂ0

PR
_27(1+4k3)Z 27

+1 set equal to 56/27

6= 1(440k5) -2 with limits 0 and
64= (4+9k%)% % (or b where used
to find K
16=4+9k’ )
12=9k/
k% =4
38 0 3 +1 correct value in
k_Fa_5 3 surd form
(b) Arc length of sector of circle R4
Volume of the cone =
V= énrzh R
Circumference of circle = arc length 1 relati;)nshipofe to
circumferenceor
2m=RA=r =&9 radius
2
2,12 2 _ .2 > [ R9)’
r’+h®=R*=h=VR°-r? = |R “(27)
27T
Substituting

2 2
V= 1 (&H\ R? _(&0\ 2 volum.e in terms of
3 HL 277} L 277} one variable

=%(92)Jm
v _i[zg\/mz—az +92%(4n2—92?(—29)]:0

d6 2472

2J4n2-92=92(4n2-92f1

477 - 6% = f 3 angle for max.
2 volume:
8 exact not required
= §7T
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(©)

H-h_ H
r R
r
H-h=—H
R
V = 1 7R2H —}nrz(H —h)
3 3
=1'nR2H _EMZ(E\
3 3 LRJ
=lmren - H g
3 3R
dv _ aHr?
dr R

dh dh dr dVv
—_ = — X — X —
dt dr dv dt
-H -R

= —X
R 7Hr?

x kmr? =k

1 relationship of
heights/radii in cone
and frustum (relative
to candidate’s
variables)

h=[dh=[kdt=k+C

Initially h=%H att=0 giving C=%H
Thenh=0 att=10 giving
10k+%H =0
=-1
k=--,H
=-1 1
h=-gHt+3H

1)
)

Half volume occurs ah=H (1—

(0 1) 1.
Hkl—g—zJ——EHt*—EH
-t 441

3o 20 2 .

[Approximately 5.874 days]

Lt—i_é
20 _§/§ 2
t=22_10

2 use Chain rule to
find dn/dt =k

3 correct value: exac
not required
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Fé;/)E Area of squareA, = (V2b)? = 262
Area of ellipse A. = 7zab
lrelate areas in
2 terms ofa andb
4b° = rab
a=2b
” 2 eccentricity still
b= %’ a hasa orb
2=a2-p2=g2-1 2 3 correct value_ (exact
16 value not required)
_C _
e=-= 16
(b)
&; - ﬂzo =1 Alternative (asymptotes):
a b 1 for a graphical understanding of approaching
X% 1. W asymptote _ .
a2 b2 2 for more carefully explained understanding
2( \ 3 for a full explanation, including limit of gradieand
X:a_ 1+ﬁ diagram
.
Xy b
. a’b? +a’y,y
b2xo 1 makex ory the

Substituting into the equation for the hyperbola
b2 - a2y? = a2b?

2
b { a2b? + aZyOYJ —a?y? = a2b?
b’x,
2
22 @4 + D2y y+ ygyz)_ b2x2y? = bix
y* (@%yz - b2x§)+ 2a’b’y,y +b* (a2 - xg): 0

subject of either
equation

—a?h?y? + 2a2b2y0y+ b (az _ Xg): 0
~a2y? + 28y y + b (a2 _ X§)= 0
A quadratic iny

2
y* —2yoy—b2(1—%]=0

y 2
y? —2yoy—b2(—b—2]=0

y2 _2y0y+ YO2 = (y_ yo)2 =0

The quadratic has one (repeated) root; there amthes points of intersection.

2 for quaderatic iry
or X

3 show §o,Yo) is the
only solution
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(c) First method
Starting from the general tangent to the ellipse

y = mx +va’n? + b?
y - mx = £V a?m? + b?

y? = 2mx + m?x? = a’m? + b?

This equation can be rearranged to form a quadegtiation irm, the gradient of the
tangents.

mz(><2—a2)—2xym+y2—b2:0
Since the tangents are perpendicular the produtieafoots of the equation is —1 and
hence
y' -b
x? - a?

-1

y2 =gl -x2
X2 +y? = a2 + b2
Second Method

Starting from the general tangent to the ellipse.
Gradient of the first tangent ing;

y=mx+,/a’m? + b’
y—mx=/a’m? + b’

2 242 _ ;2,2 2
y*—2mx+mxT =a'm” +b @) +1 any quadratic
expression im

Similarly the equation of the second tangent witldgentm, is
y2 - 2mx + r’r122x2 - azmzz +12

As the tangents are perpendicutgrx m, = -1=m, = ﬁ

+1 importance of
mym, = -1, stated or

Substituting fom, gives

used (as above
(c1) (1)’ (-1)? ( )
Vo) T )
m m

= m?y? +2mx+ x* = a* + m?b? (2)

Adding equations 1 and 2

y* (1+ ml2)+ x* (1+ mlz): a’ (1+ ml2)+ b? (1+ mlz) 3 show that locus of

Y2 +x2 = a? + b Qis a circle:
(equation not
required)

The circle is centred at the origin, with radiia? + b?

The question responses were awarded up to a f@aharks where candidates showed they were woiking
outstanding scholarship level.



