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Notes for Candidates

1 This examination consists of SIX questions, each worth 20
marks

2 Please attempt ALL SIX questions

3 You will get credit for every question (or part question) you do
4 Please show all working

5 Calculators approved by NZQA may be used.

6 Tables of formulae are supplied as a detachable centrefold
sheet.



Question 1.

a The depth, d, of the tide in a bay is modelled by the formula
d = A+ Bcos(Ct + D)
where 4,B,C and D are constants, d is measured in metres and 7 in hours. The time
between successive high tides is 14 hours. The maximum depth of the tide in the
bay is Sm and the minimum depth is 1m. Initially the depth is 4m and the tide is
coming in.

Find 4, B,C and D. [7]

b A boat, distance d from the shore makes an angle of elevationa with a point
halfway up a vertical cliff on the shore. The boat sails a further distance & directly
away from the shore so that its distance from the shore is now d + k. The boat now
makes an angle of elevation, /3, with the top of the cliff.

Prove that k=d (M—IJ ) [5]

sin f cosx

¢ Itis desired to find the volume of the shape obtained by revolving
y =2sinx, 0<x<xabout the X axis. This is found in three ways, first by

evaluating the correct formula using the trapezium rule with 4 sub divisions,
secondly by evaluating the correct formula using Simpson’s rule with 4 sub-
divisions and finally by integration.

Comment on the accuracy of the two numerical calculations. [8]
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Question 2 .

a A satellite moves in space in a rectangular coordinate system so that its distance
from the point (a,0)is always equal to its distance from the linex = 5.

.

iii

v

If the position of the satellite is given by (x, y) write down a mathematical
expression for its distance d; from the point (a,0). [1]

Write down a mathematical expression for the distance d- of the satellite, still
presumed to be at (x, y), from the line x=5. [1]

Using the fact that d = d, and that the satellite crosses the X axis at (0, 0)
find the relationship between a and 5. [3]

Prove the equation which governs all points (x, y) lying on the path of the

satellite is y2 = 4ax . [3]

A line is drawn at right angles to the X axis through (a,0) . Find the
coordinates of the points where this line cuts the path of the satellite. [2]

b Two parabolas y2 =4gxand y2 = —4h(x — c) meet in such a way that the
tangents to each parabola at both points of intersection are at right angles.

e
11

Sketch this situation on a diagram. [2]
By considering the gradients of the tangents at the points where the parabolas
intersect, find the coordinates of the points of intersection of the two parabolas
in terms of g and 4. [6]

Prove c=g+h. [2]

CONTINUED



Question 3.

a Marsha and Hemi are arguing about the isosceles triangle PQR of largest area
2 2

which can be inscribed in the ellipse x_z + y_2 =1 in the way shown in the
a b
diagram below.
Y 4
I

, : I~
— L

Q

Marsha believes that the maximum area will be when QR lies on the Y axis while
Hemi disagrees with this.

Who is correct ? Find this out, showing all mathematical and other arguments.

[11]

b Their friend Sione believes they are wasting their time and should be investigating
three dimensional ellipsoidal shapes with a circular cross-section.

2 2 2
He has read that such a shape would have the equation —-+ Y L Z 1
a

b* b

He uses this equation to find the maximum volume of a cone which can be
embedded in this ellipsoid so that a slice along the major axis would appear like
the diagram above.

He uses the formula for the volume of a cone

V= %nrz h where r is the base radius of the cone and 4 its height.

Find the maximum volume of this cone using Sione’s method or any other.

[9]
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Question 4 .

a By considering (cisqo)3 = (cos¢ +1isin ¢)3 , obtain the formula for sin 3¢ in
terms of sin ¢ .
(Note: You must use the above method.) [5]

b Let nbe a positive integer.
i Find the solutions to z” =1. [2]

ii Hence show the solutions to(1—z)" = z", can be written in the form
=t Ean® k=01 .n-1). [5]
2 2 n

¢ Show eis irrational as follows:

i Show that < 1 , where # and k are positive integers and £ >1.  [1]

nt+k n+l
ii Given 1+7+72+7r3 +...... =1L for |r <1,
—r
1
show that ! + + 1 S TR < ! .
(n+1l) (+Dn+2) (+D)n+2)(n+3) n
[3]

iti Suppose eis a rational number so we can write

m 1 1 1 1 o

—=l+—F+—+..... —+ o where m, n are positive integers.

n 1 2! n! (n+1)!

By multiplying each side by #!, and using the result in 4c ii, show this leads to
a contradiction.

[4]

CONTINUED



Question 5.
\/1 - y2
a Evaluate |————dy as follows:
y
2tang
i Prove sing = 2 [2]
sec2 2
ii Hence prove jcosecq; dp =log, tan% +c. [3]
iii By making the substitution y =sin¢ show that
2
v1- Y
J-—ydy: l—y2 +log, 2 |+e- [6]
Yy 1+41-y

b Find the coordinates of the point where a line with gradient m, passing through the
point (a,b), cuts the x-axis. [1]

¢ John is taking Marsha’s dog Rufus for a walk in a park when Rufus sees a rabbit
at right angles to their path. The dog immediately chases after the rabbit dragging
John with it. The length of the dog’s lead is Im. The problem is to describe
John’s path if the dog continues to run in a straight line.

Y A

Model the problem as shown by the 17
graph. Initially John is at 1 on the y-axis

while the dog is at O. The dog then runs

in the direction of the positive x-axis. J
represents the position of John at some

time and D the position of the dog at

that time. JD is then the dog’s lead. 0

N D

i Since John is always being pulled towards the dog, the dog’s lead lies on the
tangent to the curve at J. What are the coordinates of D in terms of
x, yand y', the gradient of the curve at (x,y)? (Usethe resultin S b.) [1]

ii Explain why the differential equation describing John’s path can be written as

l,:—\/l—y2 where y’ :Q. [2]
y dx

iii Solve this equation by separating variables to obtain the equation of John’s
path in the form x = f(y). [4]

iv How far has John travelled horizontally, when he is Imm above the x-axis. [1]
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Question 6.

LN 1, for small values of ¢ . (You have probably used some

sin
a Assume
@
equivalent form in class to find the derivative of sin x .)

i Starting from the formula for cos(4 + B), write cosg in terms of sin % [2]

2
ii Hence show cosgp~1- % for small values of .

(~ means approximately equal to) [2]

b Polar coordinates (7,¢) are an alternative way of expressing the position of a point
to the usual Cartesian (x,y) coordinates. Given a coordinate system, the distance
of the point P from the origin O specifies 7 and the angle between the positive x-
axis and the line joining the origin to P specifies ¢.

v A
P
r
2
0 » X
Write down the Cartesian (x,y) coordinates of P. [1]

¢ Within a given coordinate system, a boat moves from position B to position B’ as
shown in the diagram. The polar coordinates of B are (r,¢) and the polar

coordinates of B' are (r +dr, ¢ +6¢ ).

BI

CONTINUED



Explain why the distance &s from B to B’ is given by
55% = (r +5r)2 +72 —2r(r +0r)cos(d¢). [1]

2
.1 o)
2 2
found earlier in this paper, to show &s* ~ dr* +r{Sp) *. Explain why, in

If 6r and s ¢ are both very small, use the approximation cos(5go)

obtaining this formula, you could ignore the term containing & r(c‘igg)2 :

[3]

Read the following, which you will need shortly. There is no working required
for this part of the question.

Dividing the expression by (§t)2 , where &t is the time taken to travel from B
2 2 2
to B’, gives (isj z(irj +r2 (@ .
ot ot ot

Letting 6¢— 0 gives

dn?  afdp)?
y2= (—) +r2 (—(D) where v is the speed of the boat.
dt dt

d A police boat travelling at 50 km/hr is chasing a boat travelling at 30 km/hr.
These speeds are the maximum speeds for each boat. When the police boat is
some distance from its target, heavy fog comes down and the other boat can no
longer be seen. The origin of an axis system is taken to be the position of the other
boat at this time. The police assume that the other boat changes direction but
continues to travel in a straight line at 30 km/hr. They estimate it will have
travelled 1km in the time it would take them to reach the origin. The problem is to
find what path the police boat should take to be best able to intercept the other
boat.

Let (7,9)be the polar coordinates of the police boat ¢ hrs after losing sight of the
other boat.

v

Explain why, the police boat should choose its path so that its distance from
the origin is given by r =1+30¢. [1]

2 2 2
| , dN?  s(dep 2(dp )" _16
Using th 2212 42155 [ sh =5
sing the expression v ( ) J (dt ) siow 7 (dr 9 “

Hence find r in terms of ¢ to obtain the path the police boat should follow.[3]

Give a description of the general shape of this path in words. [1]

What would be the best strategy for the other boat to avoid capture? You must
explain your strategy in terms of your answer to 6d iv above. [2]

END OF QUESTION PAPER
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