NZEST SCHOLARSHIP EXAMINATION 2002

MATHEMATICS WITH
CALCULUS

TO ISSUE: STANDARD ANSWER BOOK

Tuesday 12 November 2002, 2pm

Time allowed: Three hours

Notes for Candidates

1 This examination consists of SIX questions, each
worth 20 marks

2 Please attempt ALL SIX questions

3 You will get credit for every question (or part
question) you do

4 Please show all working

5 Calculators approved by NZQA may be used.

6 Tables of formulae are supplied as a detachable
centrefold sheet.



Question One

a. A reactor in the form of a cylinder of radius » and height 4, is contained in a
spherical pressure vessel of radius R, as shown.

(1) If R is fixed, find the values of # and »
corresponding to the cylinder having
maximal volume, explaining why these
values correspond to maximum volume.

[5]

(i1))  Find the ratio of the volume of the

maximal cylinder to that of the sphere.

[2]

(The volume of a sphere of radius R is

V= gTER3 and of a cylinder of radius r

and height h is V =7r2h)

b. A and B are two places situated on a flat, featureless
desert plane. A car can travel from point A to point B
anywhere across this plane. A and B are 40km apart
on the North/South axis and 20km apart on the
West/East axis. A car travelling from A to B can
travel at 100km/hr north of the West/ East axis, but
only at 50km/hr south of this axis, owing to the
ground being softer.

20 km

The car drives on a straight line from A to P, a point A J ______________________________ .
on the East/West axis. It then changes direction and i
drives on a straight line from P to B. The angles
made with the East/West axis are o and 3 as shown H
on the diagram. {20 km
(1) If the length of A'P is x, give cos o and cos 8
in terms of x.
[2]

(i1))  Show that, if the journey takes minimum time

cosa. = 2cos 3
[11]

[You can assume the time is a minimum and not a maximum]



Question Two

Mary is about to make her first parachute jump. Together with her gear, she weighs
m kg. The differential equation which describes her speed of fall, v, is

mﬂ= 10m — kv
dt

where £ is a constant relating to air resistance.

Mary’s initial speed of fall is zero. Therefore, when #=0, v=0.

a.

)

(i)

(©)
(ii)

By separating variables and integrating, show that the solution can be written
in the form
Afi-e?)

and find what 4 and B are. [9]

Sketch the graph of the solution to a.(i). It shows a very interesting feature
relating to Mary’s speed. Write a sentence describing this feature and how it
relates to Mary’s actual jump. 03]

Find the distance Mary has fallen as a function of time.

[5]

Here is a sketch of the distance/time graph.
d

» ¢

Describe how the features of this graph arise from the solution and relate this
graph to the speed/time graph. 3]



Question Three

a. In very many applications, especially in statistics and probability, it is important to
be able to approximate n!, where n is a large integer.

/]
(1) By first differentiating xlog, x —x, evaluate I logx dx. 2]
1

(i1)  If»is an integer, use the trapezium rule with an interval width of 1 to prove

7
I logx dx =log, n! — lloge n
1 2 [3]

H
(i)  Show _[ log x dx can be written in the form log, (n" el ) 2]
1

(i1))  On the assumption that the results of a.(ii) and b.(i) are approximately the

same, show that nl~ n™1/21™"

[3]

Making this argument more precise gives Stirling’s famous formula:

N2n n V2™ < ml<A2n n”+1/2e_”(1+Lj

4n
We will obtain a weaker result.

c. We now approximate the area by trapezia in a different way to that given by the
Trapezium Rule. This is shown on the next page.



Consider the trapezium of base length 1, shown in fig 1.
Its area is base x average height= A

/

h
<+“— 1 >
fig 1 fig2
For each x-value=2,34,....... ,n-1 draw the tangent to the curve as shown in fig 2 so

that the vertical line through this x-value forms the centre of a trapezium of width 1.

The following diagram shows the area under y =log, x approximated by trapezia

of width 1 about 2.3,....,n-1 and an area at each end. The instructions on the diagram
indicate how the end areas are to be calculated.

v A

y= loge x
Approximate this last area,
between » —% and n, by a
rectangle of width % and
> x height log, n

As the midpoint of the interval between 1 and %
is %, approximate this first area, by a trapezium

of width % and average height log, % .

(1) Show that the difference in the area approximated this way and approximated

. N | 5
as in a.(ii) is EIOgeZ' [4]

/]
(i1)  Use graphical considerations to explain in words why I logx dx is greater
1

than the approximation of a(ii) but less than that of c(i). [1]
Hence show that \/%761_";1"”/2 <nl<e™pmtl/2 [5]

4



Question Four

a. Starting from the formulae for sin2x and cos2x:

(1) Show that sin——cos— = lsin [1]
21’! 271 2 21’!—1

(i1))  Show that 1’1 + lCOSOL = cos— [1]
2 2 2

b.
) By considering the area of the triangle APB, the circular sector APB and the

triangle APC, show that 1< X < L , where x is in radians.

sihnx coSx
P [2]

[y

Note: The radius of the sector is 1

A 1 B C

n
(i1))  Hence, or otherwise, show that 31_1)130 1/—2 = l
sin( /2")) @ [3]

c. Using the results in a. and b. above:

. o o o
(1) Prove that coszcoszcosg .............. cos

Hint: Start by considering
a . o
cOos—sin—
21’!-1 2 n 271
and combining the last two terms. [5]

o o o
COS—COS—COS —..c.eeeuueene. oS
2 4 8

(i1) By first taking the limit as # — oo of both sides, show that

sing,

Q
I

COS gCOS gCOS g 4
) 1 g [ ]

iii) By setting a = r , show that
2

o H L1 \/ﬂ ............. .

Note: This remarkable representation was discovered by Francois Viete at the end of the 16"
century. It was the first numerically exact expression of 7w and also the first to express  as an
infinite product.

T_
2



Question Five

In recent years, scientists have become concerned about the possibility of the

Earth being struck by an asteroid. Asteroids orbit the sun on elliptical paths with the
Sun at one focus. One proposal is to park a rocket at one of the Lagrange points, where
the gravitational fields of the Earth and Sun balance out. When an asteroid approaches,
the rocket can be fired at it along a hyperbolic path, to strike at right angles and deflect
it from the Earth. We will look at a simpler version of this problem, but one day you
might use this theory to save the Earth.

Assume that, for some system of coordinates, the asteroid is travelling along an ellipse
and the rocket along the hyperbola represented respectively by

2 2 2 2
2 42 —tand -2 =1

a’  A4? p?> B2

a. Given that b < a, sketch the two curves, giving the intercepts with the axes.

[1]

b. Given that the curves intersect at (xg,yq)

(®)

(ii)

By considering gradients, find a condition in terms of a, 4,b, B, x,, y, for the
two curves to intersect at right angles. [4]

Hence or otherwise, show that if A*> +B? =a® -b? , then the curves intersect
at right angles. In other words, assuming the condition, show they meet at
right angles. [6]

c. For the ellipse the eccentricity is e (<1), the foci (ae,0) and 42 =42 (1 —e? )
For the hyperbola the eccentricity is f (>1), the foci (£bf,0)and B 2 -p? ( f 2_ 1).

For the rest of this question (parts ¢. and d.) assume the two curves are confocal.
This means that they both have the same foci, and so ae = bf .

Using b.(i1) or otherwise, show that these curves meet at right angles.

(®)

(i)

(iii)

[3]

Explain why the approximate path of the rocket is a straight line if the
distances are large enough. (1]

Find the equation of this approximate path in terms of a,e, b given the
intersection occurs in the positive quadrant (x >0, y >0).

[3]
If a =2b, find the coordinates of the intersection of this straight line with the
ellipse in terms of 4 and e.

[2]



Question Six

a. This part uses only real numbers.

(i) By expanding (x’" + Lmj(x” + L”j obtain a formula for x™” +
x x

1
and hence for x™* + and x2" + —
xm+l x2m

4

(i1))  Hence, or otherwise, evaluate x4 ,given x+—=a.

24 x
You do not need to simplify your ans)\CNer by expanding any brackets.
[3]
b.
(1) Expand (a + b)2 (a— b)3 by first rewriting the product to include a power of an

(a® = b?) term. [2]

(i) Let z=cosO +isinb .

) 1 )
@) Use De Moivre’s Theorem to show that — = cos® —isin0 [1]

zZ
1
_.n
2) Show 2cosnd =z" + z_" 2]
3) Write down the corresponding result for 2isin n0 [1]

(iii)
@ If z=cosO +isin® , use the results in b.(i) and b.(ii), with » =1, to
express (2 cose)2 (2isin® )3 as a sum of terms of the form AisinkO , where

A is a real number and & > 0 is an integer, and hence express cos?0 sin’0
as a sum of multiples of 0. [5]

2 Imogen makes the hypothesis that all such products of powers of
sinf and cos® can be expanded as sums of sines of multiples of 0.

Jake claims Imogen is wrong and produces the counter example
c0s?0 sin’0 . Explain why cos?0 sin’0 cannot be expanded in this form.

[1]

(3) Jake goes on to say that there are two possibilities for the form of the
expansion and he knows the condition determining which type will occur.
State what the two possible forms of the expansion are and what condition
determines which occurs. Give reasons. 2]



END OF EXAM PAPER

Please enter the information required
on the back flap of your answer booklet.
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